A linearly conforming point interpolation method (LC-PIM) is developed for 2D solid problems. In this method, shape functions are generated using the polynomial basis functions and a scheme for the selection of local supporting nodes based on background cells is suggested, which can always ensure the moment matrix is invertible as long as there are no coincide nodes. Galerkin weak form is adopted for creating discretized system equations, and a nodal integration scheme with strain smoothing operation is used to perform the numerical integration. The present LC-PIM can guarantee linear exactness and monotonic convergence for the numerical results. Numerical examples are used to examine the present method in terms of accuracy, convergence, and efficiency. Compared with the finite element method (FEM) using linear triangle elements and the radial point interpolation method (RPIM) using Gauss integration, the LC-PIM can achieve higher convergence rate and better efficiency.
Introduction
The development of meshfree methods have achieved remarkable progress in recent years. Methods and techniques developed so far include the general finite difference method [Liszka and Orkisz, 1980] , the smooth particle hydrodynamic (SPH) method [Lucy, 1977; ], the diffuse element method (DEM) [Nayroles et al., 1992] , the element-free Galerkin (EFG) method [Belytschko et al., 1994] , reproducing kernel particle method (RKPM) (Liu et al., 1995) , and the meshless local Petrov-Galerkin (MLPG) method [Atluri and Zhu, 1998 ], etc.
The point interpolation method is a meshfree method constructed using Galerkin weak form and shape functions that are contributed based on a small set of nodes distributed in a local support domain using simple interpolation [Liu, 2002] . Two types of PIM shape functions have been used with different forms of basis functions, i.e., polynomial basis functions [Liu and Gu, 2001a; Liu, 2002] and radial basis functions [Wang and Liu, 2002a; Liu and Gu, 2001b] . PIM using polynomial basis functions is termed as polynomial PIM. In the original polynomial PIM, the problem of singular moment matrix can occur, resulting in termination of the computation. To overcome the singularity problem, RBFs augmented with polynomial terms are used to generate shape functions and the method so constructed is termed as RPIM. RPIM can effectively solve the problem of singularity and has been extended for solving many types of problems [Wang et al., 2002; Dai et al., 2005; etc.] . However, the original PIM and RPIM using Gauss integration cannot guarantee a linear exactness in the solutions due to the inconformability or incompatibility. This work presents a linearly conforming PIM or LC-PIM based on nodal integration technique [Chen et al., 2001 ]. The present LC-PIM possesses the following novel features: (1) A simple scheme for local supporting node selection is suggested based on triangular background cells, which overcomes the singular moment matrix issue, and ensures the efficiency in computing PIM shape functions; (2) Shape functions generated using polynomial basis functions and simple interpolation ensure that the PIM shape functions possesses at least linearly consistency and the Delta function property, which facilitates easy implementation of essential boundary conditions; (3) The use of nodal integration scheme with strain smoothing operation converts the domain integration required in the weak form to line integrations on the boundary of the smoothing cells, which ensures the conformability of the displacement. Due to these novel features, the present LC-PIM is easy to implement, guarantees monotonic convergence, and is computationally efficient.
Formulation
This section presents detailed formulations for the linearly conforming point interpolation method (LC-PIM).
Point interpolation
Polynomials have been used as basis functions in the interpolation to create shape functions in many numerical methods, such as the FEM. In the FEM, however, the interpolation is based on elements that are perfectly (no gap and overlapping) connected. In the present LC-PIM, our interpolation is based on a small set of nodes (typically three or six nodes are used in the work) in a local support domain that can overlap with other support domains.
Consider a continuous function u(x), which is displacement for our solid mechanics problems. It can be approximated in the vicinity of x as follows.
where
T , n is the number of polynomial terms, and a i is the corresponding coefficient yet to be determined. The polynomial basis p i (x) is usually built utilizing the Pascal's triangles, and a complete basis is preferred because of the requirement of consistency. The complete polynomial basis of orders 1 and 2 can be written in the following forms.
xy y 2 } Basis of compelte 2nd order.
In the original PIM [Liu, 2002] , a local support domain containing of n field nodes is formed for the point of interest x. The coefficients a i in Eq. (1) can then be determined by enforcing u(x) to be the nodal displacements at these n nodes. Leading to n equations:
In the matrix form, it can be written as
where U s is the vector of nodal displacements,
a is the vector of unknown coefficients,
P n is the polynomial moment matrix.
Assuming the existence of P −1 n , a unique solution for a can be obtained as
Substituting Eq. (8) back into Eq. (1) yields
where Φ(x) is the vector of PIM shape functions:
The kth derivatives of the shape functions can be easily obtained, but they are not required in our LC-PIM formulation due to the use of strain smoothing operation described in the following.
Node selection
Note that the previous formulations are obtained based on the assumption that the moment matrix P n is invertible. However, this condition cannot always be met. It depends on the locations of the node in the local support domain and the terms of monomials used in the basis functions (see, e.g., Liu [2002] ). Some techniques have been suggested to overcome the singularity problem of moment matrix, such as the use of matrix triangularization algorithm [Liu and Gu, 2003 ] and the use of radial basis functions augmented with the polynomial basis [Wang and Liu, 2002a] . We note the fact that in meshfree methods based on weak forms, background cells have to be used to performing the numerical integration. Triangular cells are preferred due to (1) the adaptiveness of the triangular cells to complex geometry, and (2) triangular cells can be created automatically and updated easily for adaptive analyses [Liu, 2002] . Since the background cells are available, it is natural to make use them for other purposes, such as node selection. In this work, a simple scheme for local supporting node selection is suggested based on the background triangular cells for shape function construction as shown in Fig. 1 . The background triangular cells are classified into two groups: interior cells and edge cells. An interior cell is a cell that has no edge on the boundary of the problem domain, and an edge cell is a cell that has at least one edge on the boundary of the problem domain. When the point of interest is located in an interior cell such as cell i, we use six nodes for interpolation: three nodes located at the vertices of this cell, and the other three nodes located at the remote vertices of the three neighboring cells. These six nodes are labeled as i 1 -i 6 in Fig. 2 . When the point of interest x is located in an edge cell, for example cell j, we simply use only three nodes that are located at the vertices for the interpolation of cell j labeled as j 1 -j 3 in Fig. 2 . This simple means of node selection has the following features.
1) It can be easily proven (by simple inspection) that the moment matrix will never be singular, unless there are duplicated nodes in the problem domain. 2) At any point in an interior cell, the PIM shape functions has 2nd order consistency. 3) At any point in an edge cell the PIM shape functions has linear consistency. This allows easy imposition of essential boundary conditions. 4) Conformability (or compatibility) can be ensured by the later implementation of nodal integrations with smoothing operation on strains.
Note that the easiest and also workable way of node selection is to use three nodes that are the vertices of the triangular cells that contain the point of interest x. This simple node selection leads to similar but not necessarily the same results (depending on how the strain smoothing is performed) as that of the linear triangular FEM. This has been confirmed in our intensive studying numerical examples.
Nodal integration of weak form

Galerkin weak form and nodal integration
Consider a 2D solid mechanics problem defined in domain Ω bounded by Γ (= Γ u + Γ t ), this problem can be expressed by the following equations [Timoshenko and Goodier, 1970] . 
Equilibrium equation:
is a differential operator; σ T = {σ xx σ yy τ xy } is the stress vector, u T = {u v} is the displacement vector, b T = {b x b y } is the body force vector.
Essential boundary conditions:
whereū is the prescribed displacement on the essential boundaries. Natural boundary conditions:
wheret is the prescribed traction on the natural boundaries, and vector n is the unit outward normal. The standard Galerkin weak form for this problem can be expressed as
where D is the matrix of material constants. Substituting Eq. (9) into Eq. (14), the discretized system equation can be in the following matrix form.
In carrying out the numerical domain integration in Eqs. (16) and (17), the nodal integration scheme [Chen et al., 2001 ] is adopted to perform the numerical integration. The problem domain Ω is divided into smoothing domains Ω k centered by node k, as shown in Fig. 2 . The sub-domain Ω k is constructed using background triangular cells by connecting sequentially the mid-edge-point to the centroids of the triangles. The boundary of Ω k is labeled as Γ k (shown in Fig. 2 ) and the union of all Ω k forms Ω exactly. We then have
Smoothing strain operation
Note that the PIM shape functions obtained in Secs. 2.1 and 2.2 have at least linear consistency. To guarantee a linear exactness in the solution based on the Galerkin weak form, a smoothing operation is performed on the strains [Chen et al., 2001] .
where Ψ is a smoothing function. For simplicity, we use
where A k = Ω k dΩ is the area of smoothing domain for node k. Substituting Eq. (22) into Eq. (21) and integrating by parts, we obtaiñ
where Γ k is the boundary of the smoothing domain for node k. Using the PIM shape functions in Eq. (23), the smoothed strain can be written in the following matrix form.ε
where G k contains a number of nodes in the influence domain of node k or those nodes whose shape function support cover node k. In two dimensional space,
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where N s is the number of segments of the boundary Γ k , N g is the number of Gauss points distributed in each segment, and w n is the corresponding weight number of Gauss integration scheme. In the present method, n g = 2 is used. Then Eq. (20) can be written as,
It is proven that the use of Eq. (29) in place of Eq. (20) can exactly satisfy the so-called integration constraint, which is the requirement of obtaining linear exactness in the solutions based on the Galerkin weak form [Chen et al., 2001] .
Numerical Examples
Several numerical examples are studied in this section. The materials used are all linear elastic with Young's modulus E = 3.0 × 10 7 and Poisson's ratio ν = 0.3. The units used in this paper can be any consistent unit based on international standard unit system. The error indicators in displacement and energy are respectively defined as follows,
where the superscript exact notes the exact or analytical solution, numerical notes a numerical solution obtained using a numerical method including the present LC-PIM, and A is the area of the problem domain.
Standard patch test
For a numerical method working for solid mechanics problems, the sufficient requirement for convergence is to pass the standard patch test [Zienkiewicz and Taylor, 2000] . Therefore, the first example is the standard patch test using the present LC-PIM. The problem is studied in a 10 × 10 square domain, and the displacements are prescribed on all outside boundaries by the following linear function. The patch is represented using regular and irregular nodes shown in Fig. 3 . The errors in displacement defined in Eq. (30) are found to be 2.35 × 10 −14 for the patch of regular nodes and 4.77 × 10 −14 for the patch of irregular nodes. This example demonstrates that, numerically the present LC-PIM will monotonically converge due to its ability to reproduce linear fields and the use of the Galerkin weak form.
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Cantilever beam
A benchmark problem of cantilever beam with length L and height D is studied. The beam is subjected to a parabolic traction on the right edge of the beam, as shown in Fig. 4 . As the beam is assumed to have unit thickness, analytical solution based on the plane stress theory is available as follows [Timoshenko and Goodier, 1970] ,
where I is the moment of the inertia given as I = D 3 /12. The values of the parameters are taken as: L = 50, D = 10 and P = −1000. 
Effects of the irregularity in the nodal distribution
To investigate the effect of the irregularities in nodal distribution, three models of 420 distributed nodes with different status of irregularity (shown in Fig. 5 ) are used to examine the present method. The results of deflection along the neutral line and the shear stress along the line (x = L/2) of the beam are plotted together with the analytical solutions in Fig. 6 . It can be found that the numerical results of these three models obtained using the present LC-PIM are all in good agreement with the analytical ones, and the irregularity of the nodal distribution has little effect on the numerical results.
Convergence and efficiency of the LC-PIM
To investigate the properties of convergence and efficiency of the present method, four models with 94, 181, 399, and 801 irregularly distributed nodes are employed. For comparison, three methods, FEM, RPIM, and LC-PIM, are all used for this problem. In FEM, linear element of 3-node triangle is employed. In the RPIM, MQ-RBFs augmented with linear polynomials are adopted with parameters q = 1.03, α c = 4.0, and α s = 2.0 for circular local support domain. These values of parameters have been found to perform well for most problems [Wang and Liu, 2002b; Liu, 2002; . The results of error in energy norm against h are plotted in Fig. 7 , where h is the averaged element size in the FEM. Compared with linear FEM, the LC-PIM not only achieves a higher convergence rate but also obtains more accurate results. This is due to the use of more nodes in creating the shape functions, which is made possible in the meshfree context, thus allowing the use of nodes beyond the elements for shape function construction. Compared with the RPIM, the LC-PIM obtains a much higher convergence rate and comparable accuracy. In Fig. 8 , the energy errors obtained using these three methods are plotted against the CPU time, which shows the efficiency of the methods. The results show that the present method is more efficient than both the linear FEM and the RPIM using exactly the same set of nodes to discretize the problem domain.
Infinite plate with a circular hole
An infinite plate with a central circular hole (a = 10) subjected to a unidirectional tensile (T x = 10) is studied. Due to its two-fold symmetry, only one quarter shown in Fig. 9 is modeled. Symmetry conditions are imposed on the left and bottom edges, and the inner boundary of the hole is traction free. For this benchmark problem, the analytical solution is available [Timoshenko and Goodier, 1970] :
In this study, plane stress problem is considered and the domain is discretized using 411 irregularly distributed nodes. The computed displacements for nodes located along the left and the bottom edge are calculated and plotted in Fig. 10 . Figure 11 shows the distribution of normal stress along the left edge. These figures show again that all the numerical results agree well with the analytical ones.
Internal pressurized hollow cylinder
A thick-walled hollow cylinder subjected to internal pressure is analyzed as another benchmark problem in this section. As shown in Fig. 12 , the cylinder is of internal radius a = 10, outer radius b = 25, and the internal pressure p = 100 units. The thickness of the cylinder is of one unit and the analytical solution is available for this plane stress problem [Timoshenko and Goodier, 1970] . In the study, the problem domain is represented with 441 irregularly distributed nodes and the numerical solutions using LC-PIM are plotted in Figs. 13 and 14, together with the analytical solution. It can be observed that both the displacement and stress results are very accurate and stable, and in good agreement with the analytical ones. 
An automotive part: rim
Finally, as an application of LC-PIM for practical mechanical components design, a typical rim of automotive component with a complicated shape is studied using the present method. As shown in Fig. 15 , the rim is fixed at the nodes around the inner circle and a pressure of 100 units is applied along the lower arc edge of 60
• . Displacement and stress results at the nodes along the lower half circle of the rim (marked as dash line ll in Fig. 15 ) are computed using the present LC-PIM method. As no analytical solutions are available for this problem, a reference solution is obtained using the FEM software ANSYS, in which a very fine mesh of 
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6-node triangle element (18625 elements) is used. The problem domain is represented with 2608 field nodes in our LC-PIM (shown in Fig. 16 ) and the numerical results obtained using the present method are plotted in Figs. 17-21. It is found that both the computed displacements and stresses are in good agreement with the reference solutions. 
Conclusions
In this work, a linearly conforming point interpolation method (LC-PIM) is presented. The method employs polynomial basis functions for field approximation. Galerkin weak form is adopted, and a nodal integration scheme with strain smoothing operation is used. Numerical examples of standard patch test, three benchmark problems, and an actual application problem of a rim with complicated shape are studied using the present LC-PIM method. Very accurate and stable results in terms of both displacements and stresses are obtained and compared with the analytical or reference solutions. From the research, the following remarks can be made.
• Following the present scheme for local supporting nodes selection, the singularity problem of moment matrix in creating the PIM shape functions can be successfully resolved.
• The PIM shape functions generated posses many properties that are also found in the conventional FEM (for example, the Kronecker delta function property) and most numerical techniques and treatments developed in FEM can be utilized with minor modifications.
• Nodal integration scheme with strain smoothing operation is adopted for the numerical integration of the weak form. The present method so constructed guarantees a linear exactness of the numerical solutions, which was also proven numerically by the standard patch test.
• Compared with linear FEM of the linear triangle element, the LC-PIM using exactly the same nodes distribution can achieve a better accuracy and higher convergence rate.
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As the present method successfully overcomes singularity problem of the moment matrix, ensures linear conformability, and significantly improves the efficiency of computing, the LC-PIM is expected to be further develop to deal with more complicated 3D problems with adaptive analysis capability.
